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Nomenclature}
AR = aspect ratio
a = (1/a)da/dh, relative gradient of speed of sound
Con™ = effective pitching moment derivative with respect to

height change (compressibility-, aeroelasticity-, thrust-
offset-effects, Ref. 2)

C.v* = effective pitching moment derivative with respect to
speed change (compressibility-, aeroelasticity-, thrust-
offset-effects, Ref. 2)

2CD/ECL = Cps/CLe

= height

i, = radius of gyration, I, = (i,/¢)>

k =1/QCy) 8Cp/aCy

M = Mach number

ny* = denoting effective thrust change AT due to speed change
AV, including compressibility effects (AT/T = ny* AV V,
Ref. 2)

ny* = denoting effective thrust change AT due to height change

Ah, including compressibility and temperature effects
(AT|T = n,*pyAh, Ref. 2)
$1,2...s = roots of the characteristic equation
=2 — M?*(M?—1)

14
B, = 1 + (au/p)M?*[(M? — 1)
P = (1/p) dp/dh relative density gradient
op = damping of phugoid mode

w.p/wp = natural frequency/frequency of phugoid mode

TMOSPHERIC changes with altitude and compressi-

bility have significant effects on the longitudinal motion in
high-speed flight.>=¢ This is especially true in the supersonic
region.” The stability of the motion in supersonic flight,
where maintaining a given altitude is of increased importance,
can be strongly influenced by the pitching-moment character-
istics of the aircraft. The purpose of this Note is to give an
explicit expression of the effects of pitching-moments on the
phugoid and height modes, and thus to show their conse-
quences for altitude stability in general.

Taking the effects of atmospheric changes with altitude into
consideration, the characteristic equation of the linearized
equations-of-motion for longitudinal flight is of the fifth order.
On the assumption that the magnitude of the roots is given by

|S1,2| > |Ss,4[ > ISs! (l)
the approximate factorization of the characteristic equation
yields? for the height mode
oV Brns* — B )Colpn + (Cua/ Cune)(@r Con* + 3:Cr*)

5~ c ﬁVCL — /gp,MEPn -+ (CLa/Cma)(th*/CL — CmV*)

)
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where
a, = (1/#)[ﬁv(acn/acl_ — Cp/Cr) + ny*Cp/CL]
a, = —&palB(0Cp/0C, — Cp/Cr) + n,*Cp/Ci]
The natural frequency of the phugoid mode is given by

wnP2 ~ (g/c_)a3Cma[;8VCL - Bﬂ,u'c—Ph + .
(CLu/Cma)(th*/CL - CmV*)] (3)

where a3 = 2/Q2uChz + Cr:Crg)

The damping of the phugoid mode can be expressed as
op=0po + Acpy + Acpr — 855/2 (4a)

oro, Which can be approximated by

apo & VIQuo)[(nv*— ﬁV)CD +
a3ﬁVCLaCL2(Cm4(k — A3(Chig + Cma'z)/4) - a3fy,u,C,,,a)], (4b)

denotes the case of constant atmosphere with C,* = 0.
Acp; and Aocp,, in combination with ss, show the effects of
atmospheric changes with altitude as well as the effects of
C.* and C,,*. They are given by

Agpy & (VI2)aspsCrLli(Bnv* — Bvn,*)Cot
a3/ngLa(i_y,qum1 + Cmq(Cmq + Cma)/4)]

A(sz ~ (V/f)ascLaCL[kaV*+
(Crma+ Cimz — 25,C1a)(Con®/Cr — Crv*)as/4]

Considering first the case Cuv™ = C,y™* = 0, it follows that the
height mode is mainly a result of thrust characteristics [Eq. (2)],
ie.,

(40

ss5 o Byn,* — /89"1’*

The pitching-moments due to Cy,, Crng and C,; have no effect
on the height mode ss. If |2uCho| > |CroCugl, their effect
on the natural frequency w,r of the phugoid mode is negli-
gible. Increased |C..| adds to phugoid damping if?

I szl > | Cmq | /(ZH)[(ZinLa - Cmq - Cm&)/(iy - (k/a4)Cmq)] )
5

where a, =1 — (MEph/CL)(ﬁp/ﬁV)

This can be assumed for normal flight conditions in high alti-
tude. In contrast, increased pitch damping C., adds to
phugoid damping only if

l Cma[ < 1/(2kM)[a4(2inLa — Cng— Craf2) + kCrL:Chiygl

6

Figure 1 shows these effects for an airplane (referred to as
*“‘basic airplane”) the characteristics of which are given by: § =
460 m?, ¢=15m, AR=2, m=14-10° kg, i,=10 m, h=
21,000m, M =3, Cp/CrL =%, Cra=1.55, k=1/(0.35-7- AR),
Cua= —0.155,Cpnyg=3Cra=—7/3, ;m*=2,n*=1.

The pitching-moments due to speed and height changes
(Cuv* and C,,*) have significant effects on the phugoid and
height modes. In general, C,.v* < 0 and/or C,.»* > 0 can lead
to large values of ss by decreasing the denominator in Eq. (2).
This has strong consequences with regard to stability or in-
stability, depending on the factors a;,, in the nominator of
Eq. (2), which are determined by the drag and thrust charac-
teristics of the airplane. Inthe opposite case (C,v* > 0and/or
C.»*¥ < 0), changes of ss may be less pronounced. It is impor-
tant that the effect of C,.* in the denominator, as compared
with that of Cn.yv*, increases with the square of airspeed.



MARCH 1972

01< Crq/Cmg.basic < 10

i
o H
AN
! Crna/Conat pasic
, _______ 0.1 Cmq, basic
X Cmq‘basic
-2 Jl ——==— 10 Cppq basic

Fig.1 Effect of C,, and C,, on phugoid and height mode
(CmV* =C* = 0)-

With regard to Ch., it follows from Eq. (2) that increase of
| Cme| reduces the effects of both Cu* and Cos*.

The example of Fig. 2 shows ss as a function of C,»* and
Cnn® where Cn,, 1y* and n,* have been introduced as para-
meters to illustrate the effects discussed above. In particular,
the variation of n,* and the superposition of C,.,* and C,*
show the susceptibility of ss [i.e. the nominator in Eq. (2)] to
parameter changes in the region C.,* >0. Here, strong
stability of the basic airplane is converted into strong insta-
bility.

As to the natural frequency w,r of the phugoid mode, it
follows from Eq. (3) that w, is increased by either C,»* >0
or Cp* <0 and is decreased in the opposite case. Here
again, Cn., reduces the influence of C,v* and Cis*.

The effects of C,»* and C,»* on phugoid damping can be
divided into two components, the first being the inverse of s5/2
and the second the term Aoce: [Eq. (40)]. Aoce, always adds
to damping for C,»* > 0. In case of C,»* >0, it adds to
damping when |uC..| is sufficiently large. On the other
hand, the effects of Cnv* and C,,* due to the ss-component
vary depending on the factors shown above. The inverse
ss-contribution is dominating when |ss| is large. This is very
important since all effects stabilizing the height mode add to
phugoid instability and vice versa. These effects on phugoid
roots are illustrated in Fig. 3. Comparison with Fig. 2 shows
the significance of the ss-contribution to phugoid damping
when |ss| is large.

With regard to speed feedback to thrust, there are also
important consequences of atmospheric changes with altitude.?
Phugoid damping is significantly increased by negative feed-
back in low speed flight,®® where the height mode can be
ignored. In high-speed flight, however, improvement of
phugoid damping is strongly reduced in favor of stabilizing
the height mode. In this case, where

Ci(pe) = g/V* < |pu] €1/,

the changes Ags and. Ao, due to a change Anmy* (denoting
speed feedback to thrust), can be approximated by

Ass(Any*) & VI(ue)ll + (By/Br)Cr/(uép)Cp Any*  (7)
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and

Acp(Any™) " Ziyﬁﬂéph _ /8V/:89
AO’po( A/’lv*) 2C e+ CLaCmq/:u HCPx

(see Egs. (2) and (4) with C.»* =
follows that

] CeL ®

't =0). From this it

Ass(Any*) 2 2 Aopo(Any*) ®
and
I Aop( AnV*)/AUPO(AnV*)I <1 (10

(In low-speed flight, the actual phugoid damping Acp(Any*) is
approximately equal to the reference value of constant atmos-
phere Aopo( Any™®), i.6. Aop(Any*)/Aopo(Any*) =~ 1. Here, s5
as well as Ass(Any*) can be ignored.) The An,*-effect on
phugoid damping Ac»(Any*) is more stabilizing when Cpy* >
0. On the contrary, when

Cuv™ < BVCLCma/CLa

negative speed feedback even reduces phugoid damping.
C.* < 0 does not alter Egs. (9) and (10) essentially, whereas
in case of Co™* > 0, the Any*-effect on Acp( Any*) is increased.
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Fig.2 Effect of C,v* and C,, * on height mode.
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Fig.3 Effect of C,,v* and C,,* on phugoid mode.

It becomes very strong when Crn* — By pnCrComa/Cra. These
effects corresponding to a variation of ny* are also shown in
Figs. 2 and 3 where ny* = —10is equivalent to Any* = —12.
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Response of a Trailing Vortex to Axial
Injection into the Core
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Introduction

RAILING vortices behind lifting surfaces create serious

problems; e.g., aeroelastic loads and noise in the case of
helicopter blades, and turbulent gusts for airplanes following
large aircraft. The severity of these problems is determined by
the intensity and persistence of the vortices. A simple
method of quickly and effectively dispersing the vorticity in
these vortex cores without penalizing the performance has been
the object of several investigations.’~® Various methods like
the use of swept and porous tips (Ref. 1), twisted swept tips
(Ref. 2) and vortex dissipators (small spanwise fences placed
at the wing tip on the suction side—Ref. 3) have been tried
with varying success. This Note describes briefly some pre-
liminary qualitative results of an investigation into the
effects of axial air injection into a vortex core. A more
detailed account appears in Ref. 4.

Other investigations®—® on the effect of injection on vortex
flows have appeared recently. Rinehart et al.® used a set-up
essentially similar to the present one and their photographs of
the vortex obtained by the hydrogen bubble technique and
vorticity contours indicate that injection can indeed spread
out the vorticity concentrated in the core. However his
theory® indicates that the phenomenon is governed by the
mass-flow-rate of injection contrary to our evidence presented
herein that it is governed by the momentum-rate. Poppleton’s
investigations (Ref. 7) though not exactly on a trailing vortex
core (his experiments were conducted on a swirling flow in a
tube) confirm the fact that injection is effective. His measure--
ments clearly show decreases in peak tangential velocities and
increases in the size and turbulence level in the core, and the
axial decay rate of tangential velocities. Monnerie and
Tognet® have also investigated the effect of injection, not
axially but vertically down along the chord at the wing tip.
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